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Abstract 

We propose a new Kaluza-Klein reduction scheme based on ADM 
decomposition. The scheme has been motivated by AdS/CFT, espe- 
cially by how the worldvolume theory should appear from the super- 
gravity side. We apply the scheme to IIB supergravity reduced on a 
5D hyperboloidal space, and show that an (A)dS "braneworld" is 
be realized after further reduction to 4D. We comment on applications 
to cosmology and black hole physics. In particular, the scheme should 
provide a proper paradigm for black hole physics. 



1 Introduction 



AdS/CFT belongs to a class of dualities in which the dualization procedure 
is not explicitly introduced. The reason for that is simple: implementing 
the procedure is subtle and difficult. Evidently, however, understanding the 
procedure must be essential for the first principle derivation of AdS/CFT. 
There has been progress in this direction (see, e.g., [1] [2] and refs therein), 
and one of the goals in this work is to further that progress. While doing so, 
we report on two conceptual/technical advances: the first is a new Kaluza- 
Klein reduction procedure based on ADM decomposition and the other is 
the IIB realization of a braneworld. 

One of the distinctions of AdS/CFT type dualities is that the dualization 
and inverse dualization seem very different at low energy field theory level. 
We refer to the procedure in which one gets the closed string/gravity degrees 
of freedom from open string/gauge theory as forward dualization. The in- 
verse dualization refers to the reverse procedure. It was proposed in [3] that it 
should be the quantum/strong coupling effects that must be behind the for- 
ward dualization. As commented in [4] (footnote 15), the inverse dualization 
must be initiated by a spontaneous symmetry breaking of the supcrgravity 
system. (Here we are using the term 'spontaneous symmetry breaking' in a 
general sense that is associated with expanding an action around a solution.^) 

In the context of {A)dS/CFT type dualities, it is natural to view the 
{A)dS^ as a foliation of {A)dSi along a direction of {A)dS^. (See the figure.) 
One of the leaves can serve as our braneworld with a certain gravity localiza- 
tion mechanism that we discuss later. We focus on the dS case henceforth 
whenever possible. Figure 1 depicts dS^ as foliation of dS^ hypersurfaces. 
One may describe the dS^ through bulk gravity setup. On the other hand, 
it seems plausible to describe the bulk dS^, or at least some aspects of it, 
through collective dynamics of the hypersurfaces. Of course, the existence of 
these "dual" descriptions must be what is behind gauge/gravity correspon- 
dence. (The bulk dynamics would include the dynamics associated with the 
"radial" direction which is typically associated with renormalization group 
fiow. Therefore, in general, the collective surface dynamics would not cover 
the entire bulk dynamics. There are various levels of equivalence that the 

^The symmetries that are broken and the breaking patterns wiU not be pursued in this 
work. 
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term "duality" describes. Ideally, the term should be reserved only for the 

cases where the two theories under consideration are fully equivalent. For 
example, a canonical transformation can be viewed as a precise duality: it 
maps to a theory that is fully dual to the original theory. However, even 
if the full equivalence is not obvious, the term "duality" is often used in 
some string theory contexts for the cases in which the two theories capture 
substantial aspects each other.) 

What procedure could lead to the surface degrees of freedom starting from 
the bulk theory? As anticipated in [4], it should be a procedure initiated by 
a spontaneous symmetry breaking. It is also likely that the procedure should 
involve a certain dimensional reduction scheme, conventional or unconven- 
tional. Although it should be possible to deduce the hypersurface degrees 
of freedom through the conventional Kaluza-Klein reduction (see, e.g., [5] 
for a relatively recent discussion), we will pave our way through an uncon- 
ventional reduction scheme. This procedure of acquiring surface degrees of 
freedom should be viewed as a novel Kaluza-Klein (KK) reduction - what we 
call ADM reduction. What is unusual about this scheme is that the reduced 
lagrangian is not a gravity system: the dynamical fields are the worldvolume 
(i.e.. the selected hypersurface) gauge fields. This phenomenon, unusual in 
the Kaluza-Klein context, must be what triggers the inverse dualization of 
the AdS/CFT type dualities. 

An essential computational ingredient for obtaining the hypersurface de- 
grees of freedom from a spontaneous symmetry breaking was obtained in a 
remarkable series of papers, [6-8]. The authors showed that the Hamilton- 
Jacobi equation of the gravity system [9] [10] [11] under consideration ad- 
mits a solution of the worldvolume theory form. We will apply the technique 
of [6-8,12] to a specific setup of the 5D gravity that can be obtained by reduc- 
ing IIB supergravity on a 5D hyperboloidal space W''^iP + q — h considered 
in [13] (and also on S^). 

Once the 5D (A)dS gravity is obtained by reducing IIB supergravity on 
a 5D hyperboloidal space "H^ (6*5) [13], a canonical transformation can be 
performed on the system to convert it into an equivalent, therefore dual, for- 
mulation that still takes the form of a supergravity. Following [6-8], one can 
show that the dual system admits, in the case of reduction, a worldvol- 
ume action as solution of the Hamilton- Jacobi equation of the gravity system. 
Obviously, the resulting worldvolume action will capture some aspects of the 
original gravity theory, and can be viewed as a dual pair at least in a wider 
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dS5 



Figure 1: dS^ as foliation of 

sense of the term mentioned previously. In essence, the holographic dualities 
must have their roots in that one may adopt two different approaches to 
describe the geometry. In the first approach, one can adopt the conventional 
degrees of freedom, the metric, to describe the bulk physics. In the other 
approach, one slices the bulk into a set of hypersurfaces, i.e., focus on each 
leaf of the foliated geometry. Gravity is not needed as dynamical degrees of 
freedom to describe the hypersurface, although it serves as a background for 
the gauge degrees of freedom. We will elaborate on this in the main body of 
this paper. 

Below we consider both the ADM reduction and the standard toroidal- 
type reduction. In the ADM reduction scheme, one employs the HJ proce- 
dure, and a worldvolume effective action will appear as a solution of the HJ 
equation. The ADM reduction scheme can be viewed as "emergent gauge 
theory" in the sense that a worldvolume gauge field emerges from the sym- 
metry breaking. In the standard toroidal reduction, dependence of one of 
the coordinates ("r") will be removed. The model that we obtain below 
has a scalar that can be viewed as an inflaton field in four dimensions. We 
comment on the potential phenomenological value of our model in the main 
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body postponing the full analysis for the near future. In the related litera- 
ture, usually, an explicit coupling between gravity and various branc sources 
is employed followed by Calabi-Yau compactification in order to obtain a de 
Sitter space in the lower dimensions. One drawback of the Calabi-Yau com- 
pactification is the implicit nature of the analysis involved. Moreover, the 
original motivation for considering the Calabi-Yau manifold as opposed to a 
maximally symmetric manifold has diminished with better understanding of 
supersymmetry breaking effects of D-branes. 

The organization of the paper is as follows: in sec 2, we carry out reduction 
of IIB supergravity on a manifold denoted by that we take either Ai^ = 
"H^ or = (5-sphere) in the subsequent sections. For JH = Ti^, we 
obtain a 5D de Sitter gravity. The ADM reduction of the 5D theory obtained 
thereby is carried out in sec 3. In particular, we elaborate on the appearance 
of the worldvolume gauge field. We discuss the implications of our results on 
braneworld realization and black hole information physics. In sec 4, we obtain 
a domain-wall solution for the 5D system obtained in sec 2 in the case Ai^ = 
S^. Keeping the minimal set of fields, the system admits an AdS vacuum 
solution. We comment on possibility of obtaining a dS solution with the form 
fields added. In another direction, we carry out toroidal reduction to 4D, 
and obtain an action that may have phcnomenological value for infiationary 
physics. In the conclusion, the results are summarized and future directions 
are suggested. We also comment on the potential cosmological/black hole 
applications of our results. 

2 Spherical/hyperboloidal reduction in Ein- 
stein frame to 5D 

Although mathematically elegant, the usual Calabi-Yau compactification has 
one shortcoming: the requirement of the internal manifolds to be of CY is 
not sufficiently restrictive, an aspect that can be seen from the fact that 
there exists many moduli. Starting with simple compactification such as 
compactification on a maximally symmetric space could be more effective. 
In the KKLT [14] type compactification, one introduces and/or adds (anti)- 
branes to lift up the moduli. This can be viewed as a narrowing-down to 
special sectors of the moduli space. Therefore, this approach ultimately 
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might not be more general than the present approach where one restricts to 
a certain class of special internal manifolds from the beginning. 

In this section, we consider Kaluza-Klein reduction on an inhomogeneous^ 
hyperboloidal space 'H^''^, a manifold considered in [13]. The authors of [13] 
showed that reduction on H^''^ leads to a ghost-free dS gravity in the lower 
dimensions. The ansatz of [13] led to a 5D potential that has a saddle shape. 
In the reduction that we carry out in this section, we consider an ansatze 
that is an analogue of those of [6] keeping three scalars for 5D system: the 
dilaton, the axion and a breathing mode from the lOD metric. Only the 
breathing mode generates the potential for 5D theory as we will see below.^ 

The bosonic part of type IIB supergravity action takes the following form 
in Einstein frame [15] 



2 2-3! ^ * ' 
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A i/(3) A F,3) (2.1) 



"10 Ja^io 

Let us consider the following reduction ansatz^, 

dsl^ = e'^P^^^hrnn{x)dx^dx^ + e'^P^^^ d^^ = e^P^^^h,nn{x)dx^dx^ + e-^P^^^'^gijdy'dy^ 
$(X) = (/)(x) 



^Here inhomogeneity refers to the fact that the space is not a coset manifold. 

^The authors of [6] considered IIB action in string frame. The Einstein frame ansatze 
that we consider below are not connected to the ansatze considered in [6] , therefore should 
belong to a different class of ansatze. {S^ vs "Hs does not matter for this matter.) As a 
matter of fact, one can show that the precise forms of (2.4), (2.5) and (2.6) of [6] used in 
Einstein frame also lead to consistent reduction. (The precise forms of (2.4-6) of [6] and 
our ansatze (2.2), (2.3) lead to the same 5D action up to a numerical rescaling, namely, 
(2.11).) This seems rather unusual, and must be attributed to the simplicity of the ansatze. 
(Our earlier false accusations of the work of [6] were made in part by this subtlety.) In 
general, if an ansatz leads to consistent reduction in one frame, it would not in the other 
frame. In one of the footnotes in section 3, we point out another related aspect of the two 
ansatze. 

*In a typical Kaluza-Klein reduction, it is usually a scalar sector that makes the pro- 
cedure complicated. An example of sphere reduction with many scalars can be found 
in [17]. 
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(x) 

Crnn{x)dx'^Adx'^ = C^,^{x) 



(2.2) 



1 1 . . . . 

-^D mnki ix)dx— A (ia;- A dx- A da;- + —kEi^i^i^i^dy'^ A dy*^ A dy*^ A dy' 



= D(^){x) + kE(^){y) 
The y-coordinates describe either "H^ or 5"^: 

M^ = n^ or ,5^ 



(2.3) 



(2.4) 



Ai^ is later decided to be for the discussion in sec 3. The field E satisfies 
55[j^£'i2i3i4i5] = {^/ ^/g)^hi2i3iii5- (Our form conventions are summarized in 
Appendix A.) 

Substituting (2.2), (2.3) into lOD equation of motion, one can show after 
some algebra that the reduced field equations follow from the following 5D 
action: 



2nl 



d^x V -h 



24 1 1 



1 



-/*a^s^x 2.3!- 



-4p 



1 



2-5! 



Ms 



Above 



F^3) = -F(3) - X-H'o) = dC^2){x) - x{x) A dB^2){x) . 



(2.5) 
(2.6) 



G(5) = (7(5) - C(2) A //(3) , H = -dirnB^]dx- A dx- A 

<^(6) = ^dlrn,Drn^...^^]dx'^^ A ■ ■ ■ A dx^^ . 

With rescaling 

1 /5 



(2.7) 



(2.8) 



the action (2.5) becomes the following form with canonical kinetic terms: 



2^1 



d^x V-h 



2 • 3! 



-</.+ 



{2.9) 

Rescaling the p field further in (2.9) 



we arrive at an alternative form of the action: 
1 



(2.10) 



24 
1 



(3) 



2-3! 2-5! 



(2.11) 



3 ADM Reduction from 5D to 4D 

In section 4, we will obtain a solution of a certain three brane configuration. 
As a matter of fact, the 5D system admits a whole class of D3-brane solutions 
as we will see. The first step is to obtain the Hamilton- Jacobi (HJ) equation 
pertaining to (3.5) through a series of manipulations following the works 
of [6-8]. The fact that a class of solutions of the HJ system of (3.5) takes a 
form of a DBI action has deep physical implications. For example, the steps 
for obtaining the worldvolume form solution to the HJ equation should be 
viewed as a realization of a reduction scheme. The reason is that the field 
equations that follow from the worldvolume action can be viewed as outcome 
of substituting an appropriately constructed Kaluza-Klein gravity ansatze 
into the 5D Hamilton-Jacobi equation. Therefore the whole procedure is in 
the usual spirit of Kaluza-Klein reduction; hence it can legitimately be called 
an ADM "reduction" scheme. Also the resulting D3 action should be a dual 
description, at least in the wider sense of the term "dual". 



3.1 Converting to 5D "string" type frame 

In the next section, we consider the HJ equation of the 5D gravity system 
obtained in the previous section. It turns out more convenient for the purpose 
at hand to cast (2.11) into another frame which we call 5D "string" frame. 
To that end, let us consider 

(^Em)mn = e-^'^+IP{hstr)rnn ] (3-1) 
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With this, (2.11) now takes^ 
1 



2kI 



d^xV-h 



1 



1 



(3); 



1-2 , 



3! 



5! 



(3.2) 



After partial integration, one finds 



7 = 



24 



1 



(3.3) 



Let us spht the index m: 

'm = fi,r (3-4) 

Carrying out ADM decomposition and adding GH boundary terms yields 
(see, e.g., [18]) 



/ 



(fxCfyaik+bd = / drdt'x 



-gn 



e 4 



+ - 



-^[d,(t>-n>'d,(t>f + ]\drp-n^d^pf 



(3.5) 



where r is one of the spatial coordinates and will play the role of "time" in 
the next section, and 



£(4) ^ g-!0+fp 



{r''' + ^ V.V^^ - ^ W - ld,<l>d^<l> - jd.pd'^p + \d,<t>d^p - ^H.^.H^^") 

(3.6) 



^In the earlier version of this work, the cross term ^dm4'^—p was missed. (This has 
been pointed by Sato and Tsuchiya.) 



9 



With r playing the role of "time", the total " hamiltonian" of the system^ 

—^bulk+bd (3.7) 

can be written as (see, e.g., [6]) 

n = nH + UpH'^ + Br^Z'^ + Cr^Z^c + ^r^.A^^^ (3-8) 

Here n, n^, Sr/i, Grp. and Drfxvx behave like Lagrange multipliers, giving the 
following set of constraints 

H^Q, H^^O, Z^^O, Z^^O, Z'^^^Q. (3.9) 

One can show 

— ^ y ^tiv 2 1^ 2 2 10 

'(^4 + ^Cm. + 12vr|,^.Ap) - (3.10) 



and 



Z''^^ = 4Vp<^^^ (3.11) 



^We choose the Hamiltonian as fohows: 



where Q and P are the "coordinates" and the corresponding "momenta" 
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Define g^ui^, t^) to be a classical solution to the field equation associated with 
(3.5) with the following boundary condition^ 



(x) = TT'"'{x,r = ro) 



(3.12) 



The boundary configurations for other fields are similarly defined. The stan- 
dard procedure of the HJ formalism yields, 



TT 



{X) 



1 



5S 



^J-g{x) Sg„u{x) ' 
and similarly for other fields. The HJ equation reads 



(3.13) 



64 



-9 Sg, 



III/ 



10 v./= 



g Sp J 



+ 



1 9fMiy SSo 

2 



'9 S9tiu A 
1 9p.t/ SSo 



1 5So 



1 SSo 



1 SSo\^ 



-g Sg^,u 
( SSo 



-9 Sp 



6 4^ 



(v=9r 



{^r~gf\SB^ 
SSo 



'SCf,^ 

dSr 



SD 



-g Sep 



SSo y 



'0 



1 

12" 




1 5, 



15 



d,pd^^p + -d^<pd^p 



1 ~, 
3! 



(3.14) 



The action (3.14) does admit a DBI form of (3.34) once we assume that 
the fields are constant on the fixed "time" surface as in [6-8]. (In that 
case, only the term contributes to the HJ equation among the terms in 
£'*'.) We will discuss this in the next subsection. In the remainder of this 
section, we address the issue of the appearance of the gauge field. Also, we 
discuss the HJ procedure keeping all the terms in C-^K An interesting toggle 



'''The r = tq surface should not be taken as a genuine boundary. If it were a genuine 
boundary, the metric on the boundary would be a constant as implied by the Dirichlet 
boundary condition. (Recall that the GH boundary terms were introduced for Dirichlet 
boundary conditions for the metric.) Rather it should be taken as a device that bridges 
the bulk description and the hypersurface description. 
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between S5 and 7^5 will be noted depending on whether one uses constant 
field approximation. 

The appearance of a gauge field through a spontaneous symmetry breaking 
should be a general phenomenon independent of coefficients in H. Indeed, it 
is a general phenomenon as proved by the following observation. The solution 
S that appears in (3.13) can be viewed as a functional of an antisymmetric 
"moduh field", F^^, 

S = S[F^,] (3.15) 

To be able to view Ff^^, as a field strength of a gauge field, closure of F^^ 
must be established. Let us take a covariant derivative on (3.13) 

= ^.-'^'^-^,-^^ (3.16) 

This implies 

V[«F^,] = 0, (3.17) 

and therefore Fni, can be taken as the field strength of a gauge field, A^.^ 

For the solution, one can perform the type of derivative expansion consid- 
ered, e.g., in [10] [12]. Let us set 

So = S'^' + S','^ + --- (3.18) 

where Sq^ {Sq^) represents the leading (next) order term in the derivative 
expansion. Let us work out ^q"^ and ^q^'. In the leading order, the HJ 
equation reads 



3. 5^ 



Sg^iu^ ^^'^'^ ^Qiiv S(f) 2\ 5(f) , 



^There are some subtleties here. Strictly speaking, 5 = S[Tnv] with J^j^i/ = —Bnv+Fuv- 
One may simply consider the B^^ = case to avoid unnecessary complications. One can 
go a little further by the following observation: the right hand side of (3.16) vanishes due 
to the (anti)symmetry property. Therefore, Tf^i, is closed, and this implies the closure of 
B^i,. (Remember that one can consider the solution of HJ equation with the vanishing 
moduli field = 0.) In other words, only a closed B^i, can be a solution of HJ equation. 
Another subtlety is a question whether F^,^ would be abelian or non-abelian. We comment 
on this and related issues in the conclusion. 



12 



12 



6S, 



(0) 



SD 



(3.19) 



Although (3.34) is not a solution once the terms with derivatives in 
are included, the similar types of the terms that would appear when (3.34) 
is expanded should appear in the solution. Guided by this let us try the 
following ansatz 



(3.20) 



Substituting (3.20) into (3.19) leads to 

1 

5 

This indicates that one should take M.^ 
equation takes 



(3.21) 

At the next order, the HJ 



1 



50 



' 54) 5(1) 



3_5_S^5_S^^1 SSj,'' 
5 5p 5p 2^^" 5guu 5p 



5Si;^ 5S^ 
2^'^'' 5g^y 5p 



1(0) , 

^-( 



5S, 



(1) 





5B 



+ X 



fj,u 



5C, 



5D 



e-l't'-lP 



~d,pd^p 
■ 



\5C^J 



ley^'i^(d,xd^X+l,F''''Fp.p 



(3.22) 



With the zeroth order solution (3.20) substituted, this reduces to 



e 4V 



-A 



2(5S'« 



X 



5a, 



e 4,^ 



5 5p P(o)V-9^^B^^ 



~9? 



8 




3! 



(3.23) 
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One can show that (3.23) admits the following form of the solution, 



(0) 



(0) 



(3.24) 



It should be possible to find Sq, n > 1 in a similar way. 



3.2 Reduction that leads to DBI form solution to the 
HJ equation 

Let us verify that the HJ equation associated with (3.5) admits a DBI form 
solution. In order to make our analysis slightly more general, note the fol- 
lowing freedom. Suppose we use 

a^ + bp p^ c^ + dp (3.25) 

in the ansatze (2.2). Then one should get (2.5) where (f),p are replaced by 
a0 + 6p, + dp respectively. Let us utilize this freedom and introduce the 
following linear combinations of 0, p, 

(j) = a(() + hp 

p = c4) + dp (3.26) 

Now Eq.(3.5) can be rewritten 

d^X Cfnilk+bd 

= / drd^x ^gn \ e-f(«<^+''^)+!(-<^+'^^) (-kI.^K'^ -f{4>)K + -f{p)K 
+ ^{«3/(0)' + u,f{pf + u,mf{p) - ^[Hr,. - n^Hx,A'}) 

+ ^[Gr^.Xp - n^G,^.Xp?} + C^'' ] , (3.27) 
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where 

f{p) = drp-n^d^p (3.28) 

and the u^s are related to a, b, c, d 

3 5 3, 5 , 12 5 2 5 

ui = --a + -c, U2 = --b+-d, Us = -a + -c - -ac, 

1 5 5 1 5 5 5 

U4 = -6^ + -d^ — -bd, U5 = -ab + -cd — -be — -ad (3.29) 

"rr 4r ^ Zj Zj 

After some algebra, one can show 

.e-K^+M-Kc^+'^p) + + 127rV,,) - (3.30) 

The parameters wi, are related to it's that appear in (3.29) by 

vt^u-i + — iusu^ — U1U2U5 + ul 



D 

u\ — 3^3 _ u\ — 3x^4 



2uiUi - U2U5 2U2U3 - U1U5 2uiU2 - 3^5 
= = ^ = ^ (3.31) 



with 



D = 4m2'U3 + Au\ui — 12^3^4 — + 3^5 (3.32) 



As in [6-8], we assume that the fields are constant on the fixed "time" surface. 
Due to this assumption, only the R-'^-' term contributes to the HJ equation 
among the terms in substituting (3.13) into the hamiltonian constraint, 
one finds the following HJ equation: 



^l{a^+hp)-\(c4>+dp) 



5Sq \ 2 / g 6 So \ 2 g 6 So 1 6 So 

* +Wi[—^- — +W4- 
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+W3 



]_SSoY 



+ W2 



1 5So\^ 



_„-l{a4>+bp)-l{c4>+dp) 



1 

1 1 SSo\^ 



+ Wq- 



X- 



1 1 5So 



+ W5 



Qfiu SSq 1 SSq 
\/-9 ^9au V-9 



SSr, 



+ 



-g 5Cf,u 

1 55*0 ^ 2 



-V 



+ 12 



g5Df,,^xp' 

1 y 



-5 5-D;,,.Ap 



Following [6], let us examine whether (3.33) admits the following form of the 
solution, which is a slight modification of the corresponding solution in [6] : 



Sq — Sc-\- Sdbi + S] 



where 



wz 



'DBI 



' j d4^e^i^+^^y-det(5^, + J-^.) 



(3.34) 

(3.35) 
(3.36) 

(3.37) 
(3.38) 

Inspection of the terms' structures reveals that the presence of (tt^^)^ would 
require a major modification of (3.34); let us impose 



'>wz 



where 



p,!/ ' PU 



wi = 



(3.39) 



Detailed computation implies that (3.33) would admit a solution of the form 
(3.34) once the following conditions are imposed in addition to the previous 
condition (3.39): 



2w4Ci + 2W5C2 = 1, /9'(w3Ci + + W6C1C2) 



;7 



Ci 



a 



-a, C2 



Cs = —a + c, (4 = —b + d 



'{-1 + 2w,C3 + w^Cl + ^2Cl + ^6(3(4 + 2tV5U) = R-^', 



+ = 1, 2W4C1 + 2W3C1C3 + 2W2C2C4 + W6C2C3 + W6C1C4 + 2W5C2 = 

(3.40) 



(3.33) 
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The constraints (3.39) and (3.40) amount to 4 constraints among a, b, c and 

d. In other words, one can first use the second hue to replace (^'s by the 
corresponding expressions on the right-hand sides of the second line. One 
can then solve 

Wi = 0, + 2W5C2 = 1; ^^''4C3 + "ifrXi = 1 (3-41) 

2W4C1 + 2u;3CiC3 + 2^02(2(4 + W6C2C3 + w^6CiC4 + 2W5C2 = 

where (^'s should take the explicit expression in terms of {a,b,c,d). Once 
the solutions are determined, they can be substituted into the remaining two 
equations 

P\wsCl + W2C2 + W6C1C2) = -^7' 

a^-l + 2w,C3 + W3C! + ^^2(4 + ^6(3(4 + ^w.Cd = R^' (3.42) 

and these equations will determine the relations between a,(3,j. Interest- 
ingly, it turns out that the four equations (3.41) are automatically satisfied. 
This implies that one can freely choose {a,b,c,d); as far as the remaining 
equations in (3.40), 

Ci = C2 = -b, (3 = -a + c, (4 = -b + d 

«'(-! + 2wiC3 + wsCi + + weCsC^ + 2^^5(4) = R^', 

(3.43) 

are satisfied, the reduction will be consistent. The first and third equation 
in (3.43) becomes 

la" = R^' (3.44) 
5 

regardless of values of (a, b, c, d) , and therefore one must take 

Ms = -^5 (3.45) 
The case we have considered in the previous subsection corresponds to^ 

a = d = l, 6 = c = (3.48) 
^One can also consider the case 

a=\, d=l, 6 = c = (3.46) 
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which leads to 



3 
2' 



U2 = 



2' 



U3 = 



4' 



1^4 = 



4' 



ti5 = 



5 
2 



(3.49) 



and 



10' 



W3 = 



^4 = — - 



^5 



1 

2' 



^6 = (3.50) 



3.3 Implications 

In the previous subsection, a gauge theory action was obtained after the HJ 
procedure. The HJ principal function S is nothing but the lagrangian with r 
playing the role of time. As mentioned in the introduction, the gauge action 
can be interpreted as a dual action to the 4D gravity action. The 4D gravity 
system itself is a (gauged) dS supergravity. 



3.3.1 on realization of "braneworld" 

Let us ponder whether the "braneworld" is realized by the current procedure. 
First of all, we should note that the current procedure implies a qualitatively 
different braneworld from the conventional Randall-Sundrum type in that 
the only dynamical degrees of freedom are those of the gauge multiplet after 
integrating out the gravitational degrees of freedom. 

The situation is analogous to the usual QFT procedure where instantons 
become dynamical degrees of freedom that are "dual" to the original gauge 
theory. One has instanton moduli and fluctuation degrees of freedom in 
the path integral once one expands around an instanton solution. After 
one integrates out the fluctuation degrees of freedom, one flnds an instanton 
action that can be viewed as "dual" to the original action (See [19] and [2] 

This choice casts the exponential factors in (3.27) into the forms that were considered 
in [6]. One finds, in this case, 

5 16 5 20 

Ml = -4, U2 = -, ^3 = —, U4 = -, U5 = -— (3.47) 

Some of these coefficients are different from those that appeared in [6] , and should be 
an indication that (2.2) and (2.3) belong to a different class of ansatze than those of [6]. 
Even though the two ansatze arc different, they admit the same DBI solutions; we take 
this as certain robustness of the DBI form solution. 
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for related discussions.) The HJ procedure is a solution-finding procedure, 

and we saw the moduli field F^j^ enter for the case at hand. One should 
then integrate out the 4D gravitational degrees of freedom (i.e., all the other 
degrees of freedom than the moduli field), and eventually find an action of 
the moduh field. There will also be the gravitational part of the background, 
therefore, the ultimate action of the moduli fields would be in that gravity 
background. ^'^ 

For the braneworld realization, it would be required to check whether a 
brane solution of (3.34) localizes at some value of r. As stated above, the 
current procedure leads to a qualitatively different braneworld. There still 
exists a feature within the current setup that might be an indication of the 
locahzation of all the degrees of freedom: 

1^ = 0. (3.51) 



3.3.2 new petradigm for black hole physics 

As discussed in [21], the black hole information paradox is an amenable prob- 
lem in string theory context. It is in the 4D pure Einstein gravity where the 
paradox becomes more subtle. The present work may have an application in 
black hole physics; in particular, in the aspect associated with the informa- 
tion paradox in the 4D pure Einstein gravity. 

In the usual approach of QFT in a curved spacetime, the geometry enters 
as a background whereas the matter fields are treated on the quantum level. 
It is almost evident that geometry as a non-dynamic background would be 
inadequate for describing physics in which the back-reaction plays a crucial 
role. The information paradox should lie in the classical treatment of the 
geometry (see, e.g., the recent discussion in [22]). The geometry is strictly 
classical in the conventional approach because the matter quantum fields in 
the usual approach do not directly describe the fiuctuations of the geometry}^ 

^•^The action in the curved background might be identified as including quantum and 

none-perturbative effects. Such an identification was made in [20] for example. 

^-'^It is the matter fields that represent the fluctuating degrees of freedom in the con- 
ventional approach, and unlike the current ADM reduction approach, the matter fields 
are extrinsic to the geometric degrees of freedom. One may say that the matter fields 
indirectly describe the fluctuations of the geometry since they are coupled to the metric. 
However, this would be so only when the geometry degrees of freedom are quantized as 
well. 
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The best solution for this status of matter would be the full quantization of 

the Einstein-Hilbert action. Given the unavailability of such an apparatus, 
the second best solution would be to have a semi- classical treatment of ge- 
ometry. The dual gauge action obtained through the ADM reduction of this 
paper should provide the needed semi-classical tool. 

In the usual approach, the matter fields are not intrinsically gravitational 
degrees of freedom. In contrast, the gauge action obtained as a result of 
ADM reduction provides degrees of freedom that are intrinsic to the original 
gravity system. The matter field equations are solved in some background 
metric in the conventional approach. Since it is not the proper full coupled 
equations between matter and metric that are solved, the result is bound 
to be without a proper account of back-reaction from the metric that gets 
deformed by the matter. In the proposed ADM reduction approach, one 
gets the "matter" system, i.e., the YM field after the spontaneous symmetry 
breaking. In other words, the appearance of the "matter fields" is built into 
the formulation. One can then try to solve those equations associated with 
YM field. However, the interpretation is now very different: the gauge field 
equations directly, although semi-classically, describe the fluctuations of the 
geometry. We will have more on this as well as other speculative issues in 
the conclusion. 

4 Domain-wall solution, toroidal compactifi- 
cation and "inflaton" 

In this section, we analyze two more aspects of the 5D action (2.5) that has 
been obtained by the sphere reduction in sec 2. One thing to note is that 
even if we are using the notation r, it is not necessarily a radial coordinate; 
it is one of the spatial coordinates. 

4.1 Domain- wall solution 

One may use either a 5D Einstein-type frame or a "string" -type frame to 
find a solution. In this section, we use an Einstein type frame. (It should 
be possible to find the corresponding solution in a 5D "string-type" frame.) 
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Consider (2.11) which we quote here for convenience, 



2 ^ ^ 2-3! '• ^ 2-5! '• ^ 



(3) 



(4.1) 



and the reduced field equations setting x — H — (f) — F — 0. In this section, 
we take 



R^^ = R 



S5 



(4.2) 



Below wc will set G = as well because only that case admits a relatively 
simple solution. It follows from the action given in (2.11) with F = x = H = 
= that 

V^(e"^G'(r^-^)=0, (4.3) 



(4.4) 



n.n,lR^'^-^{dpr+le-I^R 



Let us try the following metric ansatz. 
The G5 field equation (4.3) implies 

k 



Qrni...m5 



-h 



-.e --i '^e 



p mi...m5 



Gr. 



^ n^...nj^ 



Consider (rr) and (11) components of (4.5): 



^(5) _ l^^rr ^^^^^ ^Q^p^ ^e-\pR^^ - A 



(4.6) 



(4.7) 
(4.8) 



(4.9) 
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6 /ill 
Combining (4.9) and (4.10), one gets 



.^^1 4 • 4! 



= 
(4.10) 



Rf^--drpdrP 



hi 



p(5) 

-Kll 



(4.11) 



Using the result, e.g., in appendix B of [16], one can show 



Rn = R^^I+gne^^-^^(-AVrCVrC-VrVrC + VrAVrC) 

Rf) = A{VrAVrC -VrCVrC -VrVrC) (4.12) 



With these, (4.11) yields 



12 



(4.14) 



Let us take h^"" on (4.5): 

Ri^) - ^-h^^{drp){drp) + ^e-i''i?^« + ^e^^G^ = 
Combining (4.15) and (4.10) and setting G = 0^^, one gets 



(4.15) 



-e-I^R^' = 2e-2^(AW - 4e'^V,CV,C - e'^V.V.C) (4.16) 



Then (4.16) implies 



(4.17) 



^^where 



(4.13) 



one keeps G, two different types of e'' factors are present, and this eliminates pos- 
sibility of any simple solution. 
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The p-eq (4.4) takes 

dr'^ dr dr dr 5 
In the absence of G(5), one can show that (4.10) takes 

5 _oA,dp,o _4„„.^_ 2 



6 ^o?r 

Let us consider the following set of ansatze: 

A = 

p = pln(gi + q2r) 



h 



11 



11 



C = -pln(gi + ^2^) 



Using 



= e-2^i?(4) + 4 



2V,V,C - 5V,CV,C 



(4.19) takes 



(4.18) 



(4.19) 



(4.20) 



(4.21) 



= 26-'"^ (A - Ae'"- VrCVrC - e"- VrVrC) 
Substituting (4.20) into (4.18) and (4.14), one can see that p = | and 

45 

R^^ = —ql from (4.18) 
8 

9 

A = from (4.14) 
8 



(4.22) 



(4.23) 



where A (= A'**) is defined by R^^l — Ag^,^. Eq.(4.22) also produces a con- 
sistent result: 



2A + i?' 



M5 



63 



-12 



(4.24) 
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4.2 Toroidal compactification and "inflaton" 



Carrying out a conventional dimensional reduction on the 5D action (2.11) 
will be worthwhile because it will yield a 4D gravity theory with various 
gauge fields with positive cosmological constant. The theory has been ob- 
tained from IIB supergravity, and provides a potentially interesting infiation- 
ary model. Let us consider the p-rcscalcd form (2.9). One can easily carry 
out dimensional reduction keeping as many fields in (2.9) as one wished. Fo- 
cusing on the perspective of 4D inflatonary physics, we illustrate the case 
with the metric and p: 




R 



(5) 



-{dpY + e~^^''R 



One can consider a simple dimensional reduction given by 



p = pix") , 
The resulting 4D action takes 



dr^ + Qij.udx'^dx" 



(4.25) 



(4.26) 



(4.27) 



The gauge fields x, C, D and B can easily be accommodated. It would be 
interesting to investigate whether one could construct a dS solution with 
addition of various form fields. If so, that would be in line with the obser- 
vation made in the KKLT type approaches. We leave the resulting model's 
phenomenological study for the future. 



5 Conclusion 

In sec 2, we have carried out reduction of IIB supergravity on J^^{= or S^) 
The resulting 5D gravity lagrangian has been analyzed in several different di- 
rections. In one direction, we have shown that it admits a 4D curved domain- 
wall solution. In another direction, we have performed, following [6-8], the 
Hamilton- Jacobi procedure of canonical transformation and have obtained 
another gravity description. As shown in sec 3, the Hamilton- Jacobi equa- 
tion admits a class of solutions that take a form of a gauge theory action. 

"^^The fact that the original lagrangian admits a domain- wall solution and its Hamilton- 
Jacobi equation admits a worldvolume action as a solution should be related although we 
will not pursue this aspect on a deeper level than is apparent. 
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The way the gauge field strength F^^ appears is intriguing. The world- 
volume gauge fields emerge as "moduli fields": regardless of the values that 
the gauge fields take, the gauge action satisfies the Hamilton- Jacobi equation 
of the gravity system, and the gauge fields describe the fiuctuations of the 
moduli space. They must be an inequivalent set of extremum solutions, and 
the inequivalence must stem from different patterns of the brane fluctuations. 
Those patterns are parameterized through the field F^^,. Interestingly, the 
appearance of the dual degrees of freedom as a form of moduli fields was ob- 
served before in the context of forward duality: the strong coupling limit of 
a DBI action admits a class of solutions that can be collectively interpreted 
as a closed string action [23-26] . 

One of the potentially powerful implications is the fact that getting non- 
gravitational degrees of freedom through ADM reduction would work for the 
pure 4D Einstein-Hilbert action. We believe that for the proper treatment 
of the black hole information two conditions are required for the QFT tool 
adopted to tackle the paradox. The first is that the adopted QFT should 
directly describe the fluctuations of the geometry. It is necessary to use a for- 
mulation that is self-consistent or "closed" under the forward and backward 
dualizations. The second is that the QFT interactions in their precise forms 
must be included. The ADM reduction would, in principle at least, determine 
the precise form of the interactions of the resulting gauge theory. In these 
regards, the ADM reduction approach should provide a proper paradigm for 
black hole physics. 

There are multiple future directions: 

One is an obvious direction of studying the supersymmetry aspect of the 
5D/4D theories. Several other directions are associated with a better under- 
standing of the ADM reduction itself. One may try to extend the program 
of sec 3.1 to higher orders in the derivative expansion. Another direction 
would be to address the following question: what at the full string theory 
level would be responsible for the appearance of a gauge fleld from a gravity 
system? The appearance of a gauge fleld seems to be a general phenomenon 
that occurs in a low energy theory that may not have embedding in a string 
theory. However, it would be still interesting to see the full stringy mecha- 
nism that is behind for the theories that do have stringy embedding. (See 
our speculation below.) 

There are other related issues that require further study. One of them is 
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the issue of whether the emerging gauge field would be abelian or non-abelian. 

The appearance of an abelian gauge moduli field is straightforward. The real 
question is if there could be a (relatively simple) way to introduce non-abelian 
degrees of freedom. At this point we can only state what we anticipate and 
should postpone a better answer until further research. Presumably, the 
abelian vs non-abelian issue would depend on whether one uses a collection 
of D3 branes or, say Dl branes to describe the bulk physics. As observed, e.g., 
in [1] , a higher dimensional abelian brane can be described by a non-abelian 
lower dimensional branes. 

As stated in sec 2, applications of the ADM reduction approach to black 
hole information should be interesting as well. The other directions con- 
cern phenomenological aspects and applications. One may take (4.27) with 
other form fields as a starting point, and study the resulting 4D Friedmann- 
Lemaitre-Robertson- Walker eqs in the presence of D3 (or even D7). It will 
be interesting to make a connection this way with the KKLT and related 
compactification scenarios. 

Finally remarks on more speculative aspects are in order: The forward du- 
alization mentioned in the introduction should be associated with endpoints 
of an open string sticking together and becoming a closed string. By the 
same token, the appearance of gauge degrees of freedom should presumably 
be associated with a closed string opens up and becomes an open string on 
the closed string theory level. It would be very interesting if one could make 
this more precise and quantitative. 

The following question was raised in [27]. The DBI action contains all 
a'-order terms^^ but it still appears as a solution of reduced supergravity 
that is just the leading a' action of a closed string. Perhaps the answer lies 
in the following. The gauge form solution represents excitations of massless 
open string modes. The higher a' corrections to the IIB supergravity may 
be associated with a massive gauge action that has all the massive open 
string modes appearing explicitly at first and then subsequently integrated 
out in the open string context, therefore, deforming the massless gauge field. 
(The integrating out procedure should be done using the full string theory 
setup which of course would be a hard step in practice.) Differently put, 
the massless closed strings viewed as a composite open string state should 

^^Of course, this is true only in the leading derivative expansion in once the sub- 
leading terms such as dT, ddT, etc. are taken into account, new terms would appear. 
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be massive, and apparently they seem sufficient to account for the massless 
gauge theory modes. 
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Appendix A: Differential form conventions 

We use the following conventions on differential forms. The fiat space metric 
signature is mostly positive, so det rjab = — 1 in any space-time dimensions. 
The Levi-Civita tensor e«i -"D is defined such that 

e°^-^-^ = l, eoi...D-i = -l, (A.l) 

hence 

e"^-'^^eai...a, = e„,...a,r7'^i'^'i . . . r/'^^'^'^e,. = detr; • £>! = -D\ (A.2) 
Generalization of (A.2) to a curve background is given by 

e'^'-^''em,...mo-detg-D\ (A.3) 

For a p-form we choose 

^ip) = ^^m,...m, dx"'' A ... A (A.4) 

and 

dn^) = ^d[m,^,nm,...m,] dx^-+' A dx"'' A... dx^^ 

= jfi[m,^m,...ra,^,] dx"'^ A dx"^ A . . . dx^^^K (A.5) 

The external derivative d acts from the left, i.e., 

o?(fi(p) A = d^l(^p) A + {-Y^{p) A d^l(q). (A.6) 
We define the Hodge star as 

A...dx"-) = 1 ^ rf^"'^ A ■ ■ ■ dx^'^-^, (A.7) 



so the dual to form *Jl(p) is defined by 

1 1 

{D-p)\p\^ 

On account of the latter expression and eq. (A.3), one gets 
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To get (A. 9), the following relation should be used: 

6„.,...„.,_/-"^e'"-™--.,...., = det g-{D-p)\p\6^;i . . . S;^] ^ det giD-p)\p\6ZZ ■ 

(A. 10) 

Also, we have 

dx""' A ... A dx""' = d^xe"''-""', (A. 11) 

Taking into account (A. 4), (A. 8) and (A. 10), this implies 

^-fd^xV^g {F^^y = (-)^-+^+^ If A (A.12) 

■P- J 2 J^D 



2 

In our notation 



IM 

and, therefore. 



I d^xy^R= [ 1-R. 



(A.13) 
(A. 14) 
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